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In 2017, the BESIII Collaboration announced the observation of a charged charmonium-like structure in
the ψ(3686)pi± invariant mass spectrum of the e+e− → ψ(3686)pi+pi− process at different energy points, which
enables us to perform a precise study of this process based on the initial single pion emission (ISPE) mechanism.
In this work, we perform a combined fit to the experimental data of the cross section of e+e− → ψ(3686)pi+pi−,
and the corresponding ψ(3686)pi± and dipion invariant mass spectra. Our result shows that the observed charged
charmonium-like structure in e+e− → ψ(3686)pi+pi− can be well reproduced based on the ISPE mechanism,
and that the corresponding dipion invariant mass spectrum and cross section can be depicted with the same
parameters. In fact, it provides strong evidence that the ISPE mechanism can be an underlying mechanism
resulting in such novel a phenomenon.
PACS numbers:
I. INTRODUCTION
Since 2003, study on the charmoniumlike XYZ states has
become a hot spot of hadron physics and particle physics.
Since it has the close relation to non-perturbative behavior of
quantum chromodynamics (QCD), the relevant investigation
of the charmoniumlike XYZ states is helpful to deepen our
understanding of strong interaction. In the past sixteen years,
there have been extensive discussions about this issue (see re-
views [1–4] for more details).
To solve the puzzling phenomena existing in the hidden-
bottom dipion decays of Υ(10860), the initial single pion
emission (ISPE) mechanism was proposed in Refs. [5–7],
where the charged Zb(10610) and Zb(10650) structures can be
qualitatively reproduced. In 2012, considering the similarity
between the bottomonium and charmonium families, the ISPE
mechanism was applied to study the hidden-charm dipion de-
cays of higher charmonia and charmoniumlike state Y(4260),
where the predicted charged charmoniumlike structures near
DD¯∗ or D∗D¯∗ threshold may exist in the corresponding J/ψpi+,
ψ(3686)pi+, and hcpi+ invariant mass spectra [8]. These predic-
tions given by the ISPE mechanism have provided valuable
information to search for such charged charmoniumlike struc-
tures.
In 2013, the BESIII and Belle collaborations indeed dis-
covered a charged charmonium-like Zc(3900) in the process
e+e− → J/ψpi+pi− around √s = 4.26 GeV [9, 10], which was
quickly and further confirmed by CLEO-c in the same process
but at
√
s = 4.17 GeV [11]. Later, another charged charmo-
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niumlike structure named Zc(4020) was observed in the hcpi+
invariant mass spectrum of the e+e− → pi+pi−hc process [12].
Additionally, at the center-of-mass energy of 4.26 GeV, the
BESIII Collaboration reported two charged charmoniumlike
structures, Zc(3885) in the (D∗D¯)± invariant mass spectrum of
e+e− → pi∓(D∗D¯)± process [13] and Zc(4025) in the (D∗D¯∗)±
invariant mass spectrum of the e+e− → pi∓(D∗D¯∗)± process
[14].
The story of finding charged charmoniumlike structures
is continued. In 2017, the BESIII experiment made a
progress on observing charged charmoniumlike structure in
the ψ(3686)pi+ invariant mass spectrum by analyzing the data
of cross section of the e+e− → ψ(3686)pi+pi− process at dif-
ferent energy points
√
s = 4.226, 4.258, 4.358, 4.387, 4.416,
and 4.600 GeV [15]. In fact, this observation deepens our
confidence again. As shown in Fig. 1, the predicted charged
charmoniumlike structures in the J/ψpi+, ψ(3686)pi+, and hcpi+
invariant mass spectrum have been reported in experiments
until now.
The BESIII’s experimental measurement of the e+e− →
ψ(3686)pi+pi− process forces us to carry out a further study
of this process based on the ISPE mechanism. Before the
present work, in Ref. [16], the similar idea was once adopted
to study the e+e− → J/ψpi+pi− process combined with the BE-
SIII data of the J/ψpi± invariant mass spectrum and the corre-
sponding dipion invariant mass spectrum of e+e− → J/ψpi+pi−
at one energy point
√
s = 4.26 GeV, which shows that the
Zc(3900) structure can be reproduced well by the ISPE mech-
anism. Different from Ref. [16], the present work will per-
form a combined fit to the released data of the ψ(3686)pi± and
pi+pi− invariant mass spectrum from the e+e− → ψ(3686)pi+pi−
process at different energy points. Comparing with the former
work [16], the present work is obviously a tough task and is
full of challenge. In this work, we will reproduce the struc-
tures observed in the e+e− → ψ(3686)pi+pi− process step by
step based on the ISPE mechanism. It also reveals the relation
between the observed charged charmoniumlike structures and
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FIG. 1: The predicted charged charmoniumlike structures appearing
in J/ψpi±, hcpi± and ψ(2S )pi± invariant mass spectrum and the corre-
sponding experimental discoveries [9, 12, 15].
the ISPE mechanism, which will be helpful to deepen our un-
derstanding on such a novel phenomenon.
This work is organized as follows. After introduction,
we perform an analysis of the mechanisms working in the
e+e− → ψ(3686)pi+pi−, and then fit the present model with
the experimental data. In Sec. III, we present our fit results
to the cross sections for e+e− → ψ(3686)pi+pi− and the mass
spectra of ψ(3686)pi± and dipion invariant mass spectra. Sec.
IV is devoted to conclusions and discussion.
II. MECHANISMS OCCURRING IN e+e− → ψ(3686)pi+pi−
In Ref. [16], we once reproduced the Zc(3900) structure
in the e+e− → J/ψpi+pi− process based on the ISPE mecha-
nism. In the present work, we will apply the same idea to dis-
cuss e+e− → ψ(3686)pi+pi−. There exist serval different decay
mechanisms occurring in the process e+e− → ψ(3686)pi+pi−
shown in Fig. 2. Fig. 2 (1) represents the nonresonance con-
tribution, where the final states ψ(3686)pi+pi− directly couple
to the photon produced by the electron-positron annihilation.
Fig. 2 (2)-(4) correspond to the processes with an intermediate
charmonium resonance, where the virtual photon first couples
to a vector charmonium ψR, which decays into ψ(3686)pi+pi−.
There are three different kinds of decay mechanisms in the
higher charmonium dipion decays: i) As shown in Fig. 2 (2),
the first is the one in which the dipion is produced by the gluon
hadronization with gluons emitted by a charm quark. ii) In
the second decay mechanism, the dipion is produced through
a scalar meson decay, while the scalar meson and ψ(3686) are
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FIG. 2: (Color online). Feynman diagrams depicting the de-
cay mechanisms which give contributions to the process e+e− →
ψ(3686)pi+pi−.
connected to the initial ψR by a charmed meson loop. This is
presented in Fig. 2 (3). iii) The last decay mechanism is the
ISPE mechanism, which is presented in Fig. 2 (4). We will
list resonaces R inserted into Fig. 2 later in Table I.
In the following, we will present the amplitudes corre-
sponding to different mechanisms. For Fig. 2 (1), its am-
plitude is expressed as
M(1)NoR = v¯(k2)γµu(k1)gNoRe
−gµν
s
∗νψ′FNoR(s), (1)
where gNoR is a coupling constant, e =
√
4piα denotes an elec-
tric charge with α = 1/137 being the fine structure constant,
and FNoR(s) is a form factor. In the present work, we adopt
the following form factor [16]
FNoR(s) = e−aNoR(
√
s−Σm f )2 , (2)
where aNoR is a phenomenological parameter, which should
be fixed when fitting the data. Σm f = mψ′ + 2mpi± is the sum
of the masses of the involved particles appearing in the final
states.
For Figs. 2 (2)-(4), a general amplitude, with a help of
the vector meson dominance (VMD) ansatz [17, 18], can be
written as
M(i)R = v¯(k2)γαu(k1)e
−gαβ
s
em2R
fR
1
s − m2R + imRΓR
×
−gβµ + pβ0pµ0m2R
A(i)µν∗ψ′ (p3)νFR(s), (3)
where fR is a decay constant of an intermediate R and p0 de-
notes the momentum of the intermediate R, which satisfies
p20 = (k1 + k2)
2 = s. Aµν indicates the decay amplitude of
ψR → ψ(3686)pi+pi−. Here, we also introduce the form factor
FR to balance the otherwise over-increased decay width with
an increased phase space, which isgiven by,
FR(s) = e−aR(
√
s−mR). (4)
where aR is a parameter obtained when fitting the data.
3For Fig. 2 (2), the dipion is produced directly by the gluon
emission. Hereafter, such a process is named as a direct pro-
duction process and the decay amplitude is parameterized as
[19],
A(2)µν =
FDir
f 2pi
gµν
{ [
m2pipi − κDir(∆M)2
(
1 +
2m2pi
m2pipi
)]
S−wave
+
[3
2
κDir
(
(∆M)2 − m2pipi
) (
1 − 4m
2
pi
m2pipi
)
×
(
cos2 α − 1
3
)]
D−wave
}
, (5)
where the terms in the first and second square brackets indi-
cate that the orbital momenta of the dipion are S -wave and
D-wave, respectively. ∆M = mR −mψ′ is the mass splitting of
the initial ψR and final ψ(3686). FDir and κDir are parameters
necessary for fitting and α is the angle between ψR and pi− in
the pi+pi− rest frame.
As shown in Fig. 2 (3), the dipion is produced through a
scalar meson, and the scalar meson as well as ψ(3686) are
connected to ψR via a charmed meson loop. Such a kind of
a meson loop has been proven to be important in the dipion
transitions between heavy quarkonia [20, 21]. Due to the ki-
netic limit of the involved process, we take the σ meson into
consideration. Moreover, in the present work, we mainly aim
at the ISPE mechanism. Thus, we will not directly estimate
the triangle diagrams but parameterize their contributions in
the form [16],
A(3)µν =
1
m2pipi − m2σ + imσΓσ
(
fσgµν + eiϕσgσp0νp3µ
)
,
(6)
where fσ and gσ are the S and D wave coupling constants
between ψR and ψ(3686)S, respectively, and ϕσ is the phase
angle between the S and D wave couplings. We should notice
that the mass and width of the σ meson are comparable, and
thus, we adopt a momentum dependent width, which is,
Γσ(mpipi) = Γσ
mσ
mpipi
∣∣∣∣~P(mpipi)∣∣∣∣∣∣∣∣~P(mσ)∣∣∣∣ (7)
where
∣∣∣∣~P(mpipi)∣∣∣∣ = √m2pipi/4 − m2pi is the pion momentum in the
dipion rest frame, while |~P(mσ)| is the pion momentum with
the on-shell σ meson.
As for the ISPE mechanism, we directly estimate the trian-
gle diagrams. To fit with the experimental data, we reduce the
amplitudes of the ISPE mechanism in the form,
A(4)µν = C00gµν +C12p1µp2ν +C13p1µp3ν
+C22p2µp2ν +C23p2µp3ν
+C32p3µp2ν +C33p3µp3ν, (8)
where the coefficients Ci j, {(i, j) = (0, 1, 2, 3)} are obtained by
the loop integrals of the amplitudes in Appendix A.
With above preparations, we get the total amplitude, which
could be the coherent sum of the amplitudes corresponding to
different mechanisms, and reads as
MTot =MNoR +
i=4∑
R,i=2
eiφ
(i)
RM(i)R (9)
with φ(i)R being the phase angles in front of different amplitudes
for each resonance. For convenience, we use φDir, φσ and
φISPE to refer to these phase angles in the amplitudes of direct
production process, σ production process and ISPE processes,
respectively. The differential cross section is [22]
dσe+e−→ψ(3686)pi+pi− =
(2pi)4
∑ ∣∣∣∣MTot∣∣∣∣2
4(k1 · k2) dΦ3, (10)
where
∑ ∣∣∣∣MTot∣∣∣∣2 indicates an average over the spin of initial
electron and positron and a sum over the spin of the final state
ψ(3686). dΦ3 is the phase space factor, which is expressed as
dΦ3 =
1
32(2pi)8s
dm212dm
2
23d(cosθ)dη, (11)
where m23 corresponds to mψ′pi+ , m12 is mpi+pi− , and the defini-
tions of angles θ and η are shown in Fig. 3.
x
y
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ξ
η
FIG. 3: (Color online). The definitions of angles θ and η that appear
in Eq. (11). In this figure, we also give the relative positions of ~k1,
~k2, and ~pi (i = 1, 2, 3). Since p0 = k1 + k2 = (
√
s, 0, 0, 0), ~p0 lies on
the origin of the xyz frame.
III. NUMERICAL RESULTS AND DISCUSSION
In the differential cross section in Eq. (10), there are two
free parameters, gNoR and aNoR, in the nonresonance am-
plitude. As for the intermediate charmonium contributions,
4there are 12 additional free parameters for each resonance in
Table I, which are
aR : a parameter in the resonance form
factor,
φDir : a phase angle of the direct production
amplitude,
FDir, κDir : parameters in the direct production
amplitude,
φσ : a phase angle of the σ meson produc-
tion amplitude,
fσ, gσ : S and D wave coupling constants in
the σ meson production amplitude,
ϕσ : a relative phase angle between S and
D wave terms in the σ meson produc-
tion amplitude,
φISPE : a phase angle of the ISPE amplitude,
gRD(∗)D¯(∗)pi : coupling constants of the four-particle
interactions in the ISPE mechanism.
In the following, we need to fit our results with the ex-
perimental data of e+e− → ψ(3686)pi+pi−, which include the
measured total cross section, the ψ(3686)pi±, and pi+pi− in-
variant mass spectra released in Ref. [15]. For the e+e− →
ψ(3686)pi+pi− process, there exist contributions from interme-
diate vector charmonia as shown in Fig. 2 (2)-(4). Thus, it
is a key point how to select intermediate vector charmonia.
In the present work, we adopt two scenarios, which will be
addressed in Sec. III A and Sec. III B.
A. Three-charmonium scenario to e+e− → ψ(3686)pi+pi−
When checking the vector charmonium states located in
4.1-4.6 GeV listed in particle data book [23], there exist
only two observed charmonia, ψ(4160) and ψ(4415). Be-
sides, we must mention that there is another well-established
charmonium-like state Y(4220) in this energy range. This
state has been observed experimentally in the processes of
e+e− → χc0ω [24], e+e− → pi+pi−hc [25], e+e− → pi+pi−J/ψ
[26], e+e− → pi+D0D∗− [27], and e+e− → pi+pi−ψ(3686) [15].
The mass of this state is consistent with the predictions of a
missing higher charmonium in the J/ψ family (see the dis-
cussion in Refs. [28–30]). Thus, Y(4220) is replaced by the
renamed ψ(4220) in the following discussion.
In the present section, we first try to fit the experimental
data by considering ψ(4160), ψ(4220), and ψ(4415) as inter-
mediate state contributions to e+e− → pi+pi−ψ(3686). Their
resonance parameters are collected in Table I.
After integrating over mpi±ψ(3686) or mpi+pi− in Eq. (10) at
each fixed
√
s, one gets the differential cross sections of
e+e− → pi+pi−ψ(3686) for each invariant mass squared distri-
bution. The cross section depending on
√
s can be obtained by
integrating over both mψ(3686)pi± and mpi+pi− in Eq. (10). Here,
we perform a combined fit of the invariant mass squared de-
pendent cross sections to the experimental data of the differ-
ential cross sections at a fixed
√
s. In the three-resonance sce-
nario, there are 38 parameters, which should be determined
TABLE I: The resonance parameters and dilepton decay widths of
the involved states [23]. The dilepton decay widths of ψ(4220) and
ψ(4380) are taken from Ref. [28]
Meson Mass (GeV) Width (MeV) Γe+e− (keV)
ψ(4160) 4.191 70 0.48
ψ(4415) 4.421 62 0.58
ψ(4220) 4.218 59 0.29
ψ(4380) 4.384 84 0.26
TABLE II: The fitted values of the parameters in three-charmonium
scenario.
Prameters ψ(4160) ψ(4220) ψ(4415)
aR (GeV−1) 6.0 5.0 4.0
φDir -1.631 -1.506 1.762
FDir -3.477 5.881 0.982
κDir -1.829 -0.025 -0.918
φσ 1.130 2.009 2.241
fσ (GeV2) 7.562 5.785 -3.971
gσ 77.498 21.803 -1.920
ϕσ 1.186 -2.426 -1.923
φISPE -1.320 2.980 -2.813
gRDD¯pi (GeV−3) 1.717 1.574 0.002
gRD∗D¯pi -1.834 -0.670 0.025
gRD∗ D¯∗pi (GeV−1) 0.120 -0.096 0.105
gNoR=18.940 GeV aNoR=4.702 GeV−2
χ2/d.o. f . = 3.704
by the present fit. Our fitted values for all the parameters are
presented in Table II. With these parameters, χ2/d.o.f is esti-
mated to be 3.704.
The fitted differential cross sections for e+e− →
pi+pi−ψ(3686) at a fixed
√
s in three-resonance scenario are
presented in Fig. 4 (black dashed curves), where
√
s is fixed
at 4.226, 4.258, 4.358, 4.387, 4.416, and 4.600 GeV, respec-
tively. Most of the differential cross sections can be repro-
duced. In particular, both pi±ψ(3686) and pi+pi− invariant mass
spectra are well reproduced for
√
s = 4.226 GeV. As for√
s = 4.258 GeV, the pi±ψ(3686) invariant mass spectrum is
a bit different from the experimental data. In the vicinity of
m2pi±ψ(3686) = 15 GeV
2, the experimental data show a jump,
but such a feature is not reproduced in three-charmonium sce-
nario. On the other hand, the fitted curve of mpi+pi− distribution
is slightly larger than the experimental data in the low and
high mpi+pi− energy range. Similar to the case for the fit to the
data at 4.358 GeV, the fitted curve of the m2pi+ψ(3686) distribution
is a bit lower on the whole than the experimental data, while
for m2pi+pi− distribution, the fitted curve is a little bit larger than
the experimental data in the lower mpi+pi− energy range. For
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FIG. 4: (Color online). Our combined fit for the ψ(2S )pi± and pi+pi− invariant mass spectra lying on 6 different center-of-mass energies
which are reported by BESIII in Ref. [15]. Here, the black dashed and red solid curves are the fitted results under three-charmonium and
four-charmonium scenarios, respectively.
the cases of
√
s = 4.387 GeV and
√
s = 4.416 GeV, the fitted
curves for both m2pi±ψ(3686) and m
2
pi+pi− well reproduce the exper-
imental data. As for the data at 4.600 GeV, the fitted curve ob-
tained under three-charmonium scenario is lower than the ex-
perimental data for the m2pi±ψ(3686) invariant mass distribution,
while for m2pi+pi− distribution, since the errors of experimental
data are very large, thus, the fitted curve is roughly consistent
with the data.
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FIG. 5: (Color online). A combined fit of the cross section for
e+e− → ψ(2S )pi+pi− given by BESIII in Ref. [15].
The fitted cross section for e+e− → pi+pi−ψ(3686) is pre-
sented in Fig. 5 (black dashed curve). The structure in the
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FIG. 6: (Color online). Individual contributions from the intermedi-
ate charmonia and background in the three-charmonium scenario.
vicinity of 4.2 GeV and the broad enhancement near 4.4 GeV
are well reproduced. However, one can find that the fit-
ted curve is above the experimental data in the vicinity of
4.3 GeV. Such a phenomenon indicates that there may exist
other intermediate charmonium contributions to the e+e− →
pi+pi−ψ(3686) process, which inspires us to introduce a four-
charmonium scenario to study the e+e− → pi+pi−ψ(3686) pro-
cess, which will be discussed in the next subsection. In Fig. 6,
we present the individual contributions from the nonresonance
background and three charmonia. each of which is the co-
herent sum of direct contributions, the scalar productions,
and ISPE processes for each resonance. One can find the
contribution from ψ(4160) could reach up to nearly 100 pb,
while the contributions from ψ(4220) and ψ(4415) are about
670 pb. From Fig. 6, one can find that resonances are still in
a Breit-Wigner form. Thus, we simulate each lineshape in
Fig. 6 with a Breit-Wigner resonance, which is in the form
12piΓe
+e−B(R → pi+pi−ψ(3686))ΓR/[(s − m2R)2 + m2RΓ2R]. With
the dilepton decay widths listed in Table I, one can roughly
estimate the center values of the branching ratios for ψR →
pi+pi−ψ(3686), where ψR = (ψ(4160), ψ(4220), ψ(4415)). As
shown in Table III, one can find the center values of branching
ratios are of the order of ∼ 10−3 for ψ(4220) and ψ(4415) and
∼ 10−2 for ψ(4160).
TABLE III: Branching ratios of ψR → pi+pi−ψ(3686) obtained from
the present fit in the unit of 10−3.
ψ(4160) ψ(4220) ψ(4415) ψ(4380)
3R Fit 15.711 8.101 9.65 -
4R Fit 4.389 7.370 5.368 17.285
Backgroundψ(4160)ψ(4220)ψ(4415)ψ(4380)
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FIG. 7: (Color online). The same as Fig. 6 but in the four-
charmonium scenario.
B. Four-charmonium scenario to e+e− → ψ(3686)pi+pi−
As discussed in the three-charmonium scenario in Fig. 5,
the experimental data in the vicinity of 4.3 GeV cannot be
well reproduced. In Ref. [28], the mass spectra and decay
properties of higher charmonia have been investigated, and a
charmonium ψ(4380) as a partner of ψ(4220) was predicted,
which has the resonance parameters m = 4384 MeV and Γ =
84 MeV. This progress stimulates us to introduce the four-
charmonium scenario to study e+e− → ψ(3686)pi+pi−, namely,
four charmonia ψ(4160), ψ(4415), ψ(4220), and ψ(4380) are
considered when fitting the data. All the resonance parameters
are listed in Table I. Indeed, we find that the details of the cross
section of e+e− → ψ(3686)pi+pi− around √s = 4.3 GeV can
be depicted.
TABLE IV: The same as Table II but for the four-charmonium sce-
nario.
Parameter ψ(4160) ψ(4220) ψ(4415) ψ(4380)
aR (GeV−1) 5.5 4.0 3.3 3.0
φDir -0.146 1.661 -0.423 -0.345
FDir -12.243 3.361 0.504 1.523
κDir -0.151 -0.215 -1.190 -0.463
φσ 0.517 -0.950 2.910 -0.328
fσ (GeV2) 11.953 1.813 1.832 -5.940
ϕσ -1.680 0.287 -0.838 -1.455
gσ 58.717 -6.612 -7.864 -25.906
φISPE -1.759 2.875 1.396 -5.475
gRDD¯pi (GeV−3) -2.223 -1.736 -0.257 0.276
gRD∗ D¯pi 1.646 0.353 -0.470 1.249
gRD∗ D¯∗pi (GeV−1) 0.323 0.131 0.133 -0.022
gNoR=-4.847 GeV aNoR=2.058 GeV−2
χ2/d.o. f . = 2.767
The fitted parameters are presented in Table IV. With the
center values of these parameters, one can get the differen-
tial cross sections for each invariant mass squared distribution
and the cross section depending on
√
s, which are presented
in Fig. 4 (red curves) and Fig. 5 (red curve), respectively.
After including ψ(4380), one finds that almost all the differ-
ential cross sections can be quantitatively fitted better than
the three resonance-scenario. Especially, the jump near at 15
GeV2 in m2pi±ψ(3686) invariant mass spectrum at
√
s = 4.258
GeV can be well reproduced and m2pi+pi− invariant mass spec-
trum at this energy point is well fitted. The fits to differen-
tial cross sections at
√
s = 4.358 GeV are also much bet-
ter than the one in the three-resonance scenario. As for the√
s dependent cross section, the four-resonance scenario can
well reproduce experimental data, especially the data near at
4.3 GeV. Quantitatively, the χ2/d.o.f is reduced to 2.77 in the
four-charmonium scenario. Similar to the case of the three-
charmonium scenario, we present the individual contributions
of the non-resonance background and resonances in Fig. 7.
One can find that the resonance contributions are smaller than
the corresponding one in the three-charmonium scenario. The
fitted branching ratios of ψR → pi+pi−ψ(3686) are presented in
Table III, where the central values of these branching ratios
for ψ(4160), ψ(4220), and ψ(4415) are of the order of ∼ 10−3,
while the one for ψ(4380) is of the order of ∼ 10−2.
IV. SUMMARY
In the past years, the BESIII and Belle Collaborations have
made a great progress on finding charged charmonium-ike
XYZ states. A series of charged charmonium-like structures,
7Zc(3900) [9], Zc(3885) [13], Zc(4020) [12], and Zc(4025)
[14], were reported one by one. These experimental results
have stimulated a great interest of both theorists and experi-
mentalists since the charged property of these charmonium-
like states indicates these states should contain at least four
constituent quarks, thus they could be good candidates of
tetraquark states. The estimates in frameworks of the QCD
sum rule [31–36] and potential model [37–41] indicate that
both Zc(3900)/Zc(3885) and Zc(4020)/Zc(4025) could be ex-
plained as tetraquark states with different configurations. Fur-
thermore, the observed masses of Zc(3900)/Zc(3885) and
Zc(4020)/Zc(4025) are very close to the thresholds of D∗D¯
and D∗D¯∗, thus, these charmonium-like states have been ex-
tensively investigated in deutron-like hadronic molecular sce-
narios. Based on the molecular assumption, mass spectrum,
decay properties, and productions of these charmonium-like
states have been investigated in different models, such as QCD
sum rule [42–45], potential model [46–49], and some other
phenomenological Lagrangian approaches [50–55].
However, before definitely identifying these charged
charmomium-like structures as exotic tetraquark states, we
need to exhaust all the possibilities of explaining them in
the conventional theoretical framework. Here, we must
mention our previous prediction of charged charmonium-like
structures in our theoretical work [8], where these predicted
charged charmonium-like structures by the ISPE mechanism
may exist in the J/ψpi±, hcpi±, and ψ(3686)pi± invariant mass
spectra of higher charmonia, and in the charmonium-like state
Y(4260) decays into J/ψpi+pi−, hcpi+pi− and ψ(3686)pi+pi− [8].
After two years of our paper, the BESIII and Belle collabora-
tions discovered a charged charmonium-like Zc(3900) in the
process e+e− → J/ψpi+pi− around √s = 4.26 GeV [9, 10], and
CLEO-c confirmed it in the same process but at
√
s = 4.17
GeV [11]. In 2013, BESIII observed another charged char-
moniumlike structure named as Zc(4020) in the hcpi+ invariant
mass spectrum of the e+e− → pi+pi−hc process [12]. These ex-
perimental observations make us believe that the ISPE mecha-
nism indeed plays an important role in producing these novel
phenomena. What is more important is that these measured
experimental data make us possible to study them with higher
precision. In Ref. [16], we fitted the experimental result of the
charged Zc(3900) observed in the J/ψpi± invariant mass spec-
trum [9, 10] and indicated that the charged Zc(3900) structure
can be well established based on the ISPE mechanism. This
study further enforces theorist’s confidence to explain these
experimental results in the conventional theoretical frame-
work. Similar studies were proposed in Refs. [56–60]. Later,
the Lattice QCD calculation [61, 62] also supports such a sce-
nario.
In 2017, the BESIII Collaboration again observed charged
charmonium-like structures in the ψ(3686)pi± invariant mass
spectrum of the e+e− → ψ(3686)pi+pi− process at different
energy points
√
s = 4.226, 4.258, 4.358, 4.387, 4.416, 4.600
GeV [15]. This new observation inspires our interest in fur-
ther testing the ISPE mechanism combined with the present
precise experimental data. A crucial task of this work is to ex-
amine whether the cross section of the e+e− → ψ(3686)pi+pi−
process, and the corresponding ψ(3686)pi± and pi+pi− invari-
ant mass spectra at different
√
s values can be reproduced
by the ISPE mechanism. As illustrated by our calculation,
we find that the reported charged charmonium-like structures
in the ψ(3686)pi± invariant mass spectrum of the e+e− →
ψ(3686)pi+pi− process at different energy points can be de-
picted in a unified framework, which sheds light on the prop-
erties of the observed charged charmonium-like structures.
We need to emphasize that our study also further supports
the existence of a new higher charmonium ψ(4380) which
was predicted in Ref. [28], since the fitting result under
the four-charmonium scenario is better than that under the
three-charmonium scenario. We strongly suggest the BE-
SIII and BelleII collaborations to search for this predicted
missing charmonium ψ(4380), especially by analyzing the
e+e− → ψ(3686)pi+pi− process in near future.
In the following years, studies on charmonium-like XYZ
states will still be an interesting research topic at the typi-
cal facilities like BESIII, LHCb, and BelleII. Since the ob-
served charmonium-like XYZ states can be a good candidate
of an exotic tetraquark matter, it is a main task for both ex-
perimentalists and theorists how to identify them as a genuine
exotic multiquark state. To achieve this aim, we need to check
whether the charmonium-like XYZ states can be assigned into
a conventional charmonium family or can be settled down in
a conventional theoretical framework. The present work is
the effort along this line. Besides theoretical investigation, the
Lattice QCD study about charmonium-like XYZ will provide
valuable information to shed light on the underlying proper-
ties of the XYZ states. As emphasized in a recent review arti-
cle [3], a joint effort from phenomenological method, experi-
mental analysis, and Lattice QCD calculation should be paid
more attentions on, which must promote our knowledge of
how to form charmonium-like XYZ states.
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Appendix A: Amplitudes of the ISPE mechanism
In this Appendix, we will present some details of the ISPE
mechanism. Under the ISPE mechanism, ψR transits into D(∗)
and D¯(∗) pair associated with a single pion emission. Since
the emitted pion has continuous energy distribution, D(∗) and
D¯(∗) mesons with the low momentum can easily interact with
each other and further transit into ψ(3686)pi± by exchanging
a D(∗) meson. In Fig. 8, we present some typical diagrams
of the ISPE mechanism with a pi− emission at the hadronic
level. For convenience, in these diagrams, we denote ψ(3686)
as ψ′. Although there are only 6 diagrams in Fig. 8, to get
the whole contribution of the ISPE mechanism, we must con-
8sider the diagrams caused by isospin symmetry and initial pi+
emission. For isospin symmetry, the diagrams can be obtained
by the replacement {D(∗)+,D(∗)0, D¯(∗)0} → {D¯(∗)0,D(∗)−,D(∗)+},
which are the same contributions as for a pi− emission. For
contributions of an initial pi+ emission, the typical diagrams
of the ISPE mechanism can be obtained by applying charge
conjugation on each Fig. 8 (i) (i=a∼f). Thus, the total decay
amplitude can be expressed as
Aµζ = 2
f∑
i=a
(
A(i)µζ +A(i)µζ[p2
p3]
)
, (A1)
where the factor 2 reflects the isospin symmetry mentioned
above, and A(i)µζ[p2
p3] means that the contributions of an ini-
tial pi+ emission can be obtained by applying p2 
 p3 trans-
formation onA(i)µζ .
pi−
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FIG. 8: (Color online). Typical diagrams of the ISPE mechanism
with a pi− emission at the hadronic level. Diagrams (a) − (c), (d) −
(e) and ( f ) are the contributions from D∗D¯ + h.c., D∗D¯∗ and DD¯
intermediate processes, respectively.
To write the decay amplitudes A(i)µζ in Eq. (A1), the effec-
tive Lagrangian approach is adopted. For the four particles
interaction, the effective Lagrangian is [5, 63]
LψD(∗)D(∗)pi
= −igRDDpiεµναβψµ∂νD∂αpi∂βD¯ + gRD∗Dpiψµ(DpiD¯∗µ + D∗µpiD¯)
−igRD∗D∗piεµναβψµD∗ν∂αpiD¯∗β − ihRD∗D∗piεµναβ∂µψνD∗αpiD¯∗β.
(A2)
We want to note here that, to reduce the number of free pa-
rameters in our fit, we assume hRD∗D∗pi = gRD∗D∗pi in this work.
The effective Lagrangian that describes the interaction
among a pair of charmed mesons and a pion is [5, 64, 65]
LD∗D(∗)pi
= igD∗Dpi(D∗µ∂
µpiD¯ − D∂µpiD¯∗µ) − gD∗D∗piεµναβ∂µD∗νpi∂αD¯∗β.
(A3)
Finally, the interaction between D(∗), D¯(∗), and ψ can be
described as [5, 64, 65]
LψD(∗)D(∗)
= igψDDψµ(∂µDD¯ − D∂µD¯) − gψD∗Dεµναβ∂µψν(∂αD∗βD¯
+D∂αD¯∗β) − igψD∗D∗
{
ψµ(∂µD∗νD¯∗ν − D∗ν∂µD¯∗ν)
+(∂µψνD∗ν − ψν∂µD∗ν)D¯∗µ + D∗µ(ψν∂µD¯∗ν − ∂µψνD¯∗ν)
}
.
(A4)
For the coupling constants gD(∗)D(∗)pi in Eq. (A3) and gψD(∗)D(∗)
in Eq. (A4), heavy quark symmetry gives the relations be-
tween them separately, which can be written as
2gpi
fpi
= gD∗D∗pi =
gD∗Dpi√
mDmD∗
, (A5)
gψDD = gψD∗D∗
mD
mD∗
= gψD∗D
√
mDmD∗ =
mψ
fψ
. (A6)
In Eq. (A6), gpi = 0.59, fpi = 0.132 GeV, and the decay con-
stant of ψ(3686) is fψ = 0.416.
With above effective Lagrangians, the expressions for de-
cay amplitudesA(i)µζ can be written as
A(a)µζ = (i)3
∫
d4q
(2pi)4
[gRDD¯∗pi][−igDD∗pi(ipλ3)]
×[gD¯∗D∗ψ′
(
gζξqκ − gζκk2ξ − gκξ(qζ − k2ζ)
)
]
× 1
k21 − m2D
−gξµ + k2µkξ2/m2D∗
k22 − m2D∗
−gκλ + qλqκ/m2D∗
q2 − m2D∗
F 2(q2),
A(b)µζ = (i)3
∫
d4q
(2pi)4
[gRD∗D¯pi][−gD∗D∗piελρδσ(−ik1λ)(iqδ)]
×[gD¯D∗ψ′εζηκξpη3(qξ − kξ2)]
−gµρ + k1µk1ρ/m2D∗
k21 − m2D∗
× 1
k22 − m2D
−gκσ + qσqκ/m2D∗
q2 − m2D∗
F 2(q2),
A(c)µζ = (i)3
∫
d4q
(2pi)4
[gRD∗D¯pi][igD∗Dpi(ip
λ
3)][gD¯Dψ′ψ
′(qζ − k2ζ)]
×−gµλ + k1µk1λ/m
2
D∗
k21 − m2D∗
1
k22 − m2D
1
q2 − m2D
F 2(q2),
9A(d)µζ = (i)3
∫
d4q
(2pi)4
[igRD∗D¯∗piεµναβ(ip
α
1 − ipα2 )]
×[−gD∗D∗piελρδσ(−ik1λ)(iqδ)]
×[gD¯∗D∗ψ′
(
gζξqκ − gζκk2ξ − gκξ(qζ − k2ζ)
)
]
×−g
ν
ρ + k
ν
1k1ρ/m
2
D∗
k21 − m2D∗
−gβξ + kβ2kξ2/m2D∗
k22 − m2D∗
×−g
κ
σ + qσq
κ/m2D∗
q2 − m2D∗
F 2(q2),
A(e)µζ = (i)3
∫
d4q
(2pi)4
[igRD∗D¯∗piεµναβ(ip
α
1 − ipα2 )]
×[igD∗Dpi(ipλ3)][gD¯∗Dψ′εζηκξpη3(kξ2 − qξ)]
×−g
ν
λ + k
ν
1k1λ/m
2
D∗
k21 − m2D∗
−gβκ + kβ2kκ2/m2D∗
k22 − m2D∗
× 1
q2 − m2D
F 2(q2),
A( f )µζ = (i)3
∫
d4q
(2pi)4
[−igRDD¯piεµναβ(ikν1)(ipα2 )(ikβ2)]
×[−igDD∗pi(ipλ3)][gD¯D∗ψ′εζηκξpη3(qξ − kξ2)]
× 1
k21 − m2D
1
k22 − m2D
−gκλ + qλqκ/m2D∗
q2 − m2D∗
F 2(q2).
In A(i)µζ , a monopole form factor F (q2) = q
2−Λ2
m2E−Λ2
is intro-
duced to reflect the structure effect at each vertex and the off-
shell effect of the exchanged D(∗) meson. In this form factor,
mE is the mass of the exchanged D(∗) meson, Λ is parameter-
ized as Λ = mE +αΛΛQCD with ΛQCD = 220 MeV. Since Ref.
[8] has shown that the ISPE mechanism is weakly dependent
on αΛ, thus in this work we also set αΛ = 1 to present our
results.
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